Simple polynomial unimodal maps which show robust chaos, that is, a unique chaotic attractor and no periodic windows in their bifurcation diagrams, are constructed. Their invariant distributions and Lyapunov exponents are examined.
Introduction
Robust chaos occurs when a dynamical system has a neighborhood in parameter space such that there is one unique chaotic attractor, and no periodic attractors are present [Barreto et al., 1997; Banerjee et al., 19981 . This behavior, expected to be relevant for any practical applications of chaos, was shown to exist in a general family of piecewise-smooth twodimensional maps, but conjectured to be impossible for smooth unimodal maps [Banerjee et al., 19981. In fact, the two best known examples of this last type of maps exhibit clearly the rationale for this conjecture: the bifurcation diagram of the (smooth) logistic map is densely populated by periodic windows [Collet & Eckmann, 19801 ; while on the other hand, a continuously chaotic bifurcation diagram is obtained for the tent map, which is nonsmooth.
Recently, however, Andrecut and Ali [2001a] have found an example, and later a full family [2001b] , of smooth unimodal maps with continuously chaotic bifurcation diagrams.' These maps have negative Schwarzian derivative, and therefore a unique attractor with the critical point in its basin of attraction. The maps are constructed in such a way that the critical point gets mapped into an unstable fixed point, and so it is not in the basin of attraction of a periodic attractor. This means, therefore, that no periodic attractors are present.
The first example has the form [Andrecut & Ali, 2001al: and the family of maps in the second reference is given by [Andrecut & Ali, 2001bl: where +(x) is unimodal with negative Schwarzian derivative (but not necessarily chaotic), c is the critical point of 4 (that is, #(c) = O), and Y obeys As can be seen, these examples of robust chaos in unimodal smooth maps relay on the use of noninteger powers. In this communication it is shown that much simpler examples can be constructed. These were introduced by S. T h~m a e ,~ who found numerically that the linear interpolation between the fully chaotic logistic and quartic maps has a bifurcation diagram without any periodic windows. Generalizing this result, a family of chaotic maps with two even powers can be introduced. These are given by and take the [-I, 1 1 interval upon itself. As above, b = 1 -a. Without loss of generality, it will be assumed that m 5 n.
In order to show that robust chms is generated in these maps, one needs to show that: (1) they have negative Schwarzian derivative for the whole -1 5 x 5 1 range, so that only one attractor is present for each value of a, and (2) the critical point is not attracted to any stable periodic orbit. The second point is the simpler to show: It is clear that the critical point, x, = 0, falls upon two iterations in the fixed point x* = -1, which is unstable, because f;,,(-1; a) = 2(ma + nb) > 1 for any pair of even integers m > 0, n > 0. Therefore, the map does not have any super-stable periodic orbits, which are needed as the spine locus around which the periodic windows appear [Barreto et al., 19971. One needs then to check the Schwarzian derivative Since what matters is only its sign, one may as well work with the product s, 2(f1)2s = 2f'f/l/-3(f11)2, which has the same sign as S. Replacing fm,, in this formula, one gets the expression where the coefficients P and Q are defined by Returning now to the general case, given that a, b, m and n are non-negative, one only needs to check the sign of if this expression is negative, the Schwarzian of fm,,(x; a) is also negative.
Define now 6 = m -n > 0 (notice that the case n = m is the same as the case a = 0, already covered.) One finds then that which is obviously negative for all m 2 6. Besides, A numerical exploration of the behavior of s shows that, for values of 6 given above, the actual minimum value of m may be smaller than m l . Calling now this value mo, the pairs (6, mo) found numerically are: (2,2), (4,2), (6,4), (8,4), (10,4), (12,6), etc. Therefore, one can conclude that fm,m+6 has negative Schwarzian derivative for any m > mo(6), in the whole 0 5 a 5 1 range.
Relaxing this last requirement, it is found (again numerically) that fm,, shows robust chaos for at least a small neighborhood a,i, 5 a 5 1, for all even n > m > 0 integer pairs that have been tested. The reason for this behavior is not difficult to understand: consider, for instance, fays, which corresponds to 6 = 6, m = 2 and has positive Schwarzian derivative for most of the x and a ranges considered here, which means that several attractors may be present, and therefore, chaos could not 2~npublished; private communication from S. Sinha. be robust. Replacing the given values of m and n, one finds Obviously, 2 < 0 for a = 1. As one moves a below 1, a sign change in 2 appears at the first root of the equation , ! ? = 0. This gives Replacing b = 1 -a and looking for the largest value of a that can be obtained from this equation (which comes from x = 1 and the minus sign in -the square root), one finally finds that f2$ displays robust chaos for 0.980066 < a < 1.
Having found a large family of maps that display robust chaos, it is of interest to investigate their invariant distributions and their Lyapunov exponents. In general, these mappings look similar to the Logistic map f (x) = 1 -2x 2 , and not surprisingly, their invariant distributions are also similar to that of the logistic map. Given that the few known tools available for the calculation of invariant distributions are not applicable here [Grossman & Thomae, 1977; Diakonos & Schmelcher, 1996 ; Dingel et al., 19991, distributions have been numerically estimated for a few pairs m, n at several values of a , and in all cases the distributions obtained are smooth, concave, and with divergences at x = f 1.
However, these distributions are in general not even in x. For the general case with a not too small, the divergences at the two extremes are controlled by m, the smallest exponent, and are of the form To understand the origin of this behavior, it is convenient to consider first the simpler case of the monomial maps f,(x) = 1 -2x m . Start with the well-known expression for the Perron-Frobenious equation for the evolution of their instantaneous distribution p,(x, t) under a mapping f (x):
where yi are the preimages of x under the mapping f,. Choose now a point close to x = 1, say x = 1 -6, where 6 << 1. For the monomial map, its two preimages are given by f (6/2)llm. Evaluating the derivatives in the denominator and taking now p,(x) to be the invariant distribution one gets Given the fact that p,(x) is finite, nonzero and smooth around x = 0, one can approximate the two distributions in the numerator on the right-hand side by p,(O), and obtain finally the result I with A, a constant. A similar calculation can be performed for points close to x = -1: set now x = -1 + b with b << 1; its two preimages appear close to x = -1 and x = 1, and can be approximated by x = 1 -bl(2m) and x = -1 + bl(2m).
One thus finds that p,(x) for x close to -1 should be very similar to p,(x) with x close to 1, since the derivative of f, at the two extremes of the interval is finite and nonzero. Assuming then that The divergences of p near x = f 1 are so pronounced as to make the simple p versus x graph featureless.
One may now begin to consider the situation for the maps with two powers. It is easy to see that, since the behavior of the map near x = 0 is dominated by m, the smallest of the two exponents, it should be expected that the divergences at the two and that is what has been observed. However, as a + 0 the singular behavior of p(x) has to change, since in this case the remaining power n in the map begins to provide the dominant contribution. A rough approximation to the resulting pm,,(x; a) can can be constructed using the Wm's previously defined for monomial maps, defining where 6, and 6, are constants that limit the ranges where each power is dominant, and CmL, Cn and CnR are constant amplitudes that are determined by the continuity of W, , , and its normalization.
For 6, and 6, one assumes that the cross-over from m-dominated to n-dominated behavior can be set to some x, close to 0 such that a x T = bxp, and this gives 6,, defined by 6, = 2(ax? + bxp), a value for -1 < x < -I + & , for -1 + 6, < x < 1 + 6,, for 1 -6 , < x < 1 , I 6, = 4(an/bm)1/(n-m). The approximate image under the mapping of this constant is used to define the second one, thus giving 6, = 2(am + bn)6,.
The long formulas that define the different amplitudes C are neither difficult to calculate nor very illuminating, and are therefore not reported here.
Robust Chaos i n Polynomial Unimodal Maps 2435 Examples of numerically calculated invariant distributions and their approximations are given in Fig. 2 . As expected from the results obtained for monomial mappings, the approximation is poor when m = 2, and reasonable in other cases.
It is finally interesting to verify numerically that the Lyapunov exponent for these maps is in fact positive for the entire allowed range in a. The values found for X,,,(a) remain in general close to that of the logistic map, X = In 2. A singular behavior dX,,,(a)/da --+ co is found for a --+ 0, where the f,,,(x; a) map goes to a simple x n map. This is a consequence of the crossover behavior of the divergences of the invariant distribution, which change from (1 -Ixl)l-llrn to (1 -1x11 1-11, as a --+ 0. Including only the singular parts of the invariant distribution, and taking ln(f~,,(x)) as a constant near x = f 1, we can expect the Lyapunov exponent, Xn,,(a), to behave as where A, B, C and D are constants related to normalization and to the value of ln(fL,,) near x = f 1. Now, for a << 1, one finds that both 6, and 8, behave as anl(n-m). Therefore, in this limit the Lyapunov 2436 G. Pkrez found that the Schwarzian derivative is negative for the two-parameter range neighborhood given. Since the critical point is again mapped into the unstable fixed point at x = -1, one has robust chaos. This is then an interesting case of a mapping with two parameters and only one positive Lyapunov exponent, that exhibits robust chaos, and becomes another counter-example to the conjecture given in [Barreto et al., 19971 , which says that no robust chaos may be found for smooth mappings in k-dimensional parameter neighborhoods, if the number of positive Lyapunov exponents is less or equal to k.
